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RECENT DEVELOPMENTS IN SOFT-COLLINEAR EFFECTIVE THEORY
TH. FELDMANN
Fachbereich Physik, Universita¨t Siegen, D-57068 Siegen, Germany
Soft-collinear effective theory provides a systematic theoretical framework to describe the factor-
ization of short- and long-distance QCD dynamics in hard-scattering processes that contain both,
soft and energetic particles/jets. I present a short guide to recent theoretical achievements and to
phenomenological applications in heavy B-meson decays.
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1. Introduction
The idea of factorization in high-energy
processes is to isolate (perturbative) short-
distance QCD dynamics from long-distance
(non-perturbative) hadronic effects. A well-
known example is the weak effective Hamil-
tonian which describes quark and lepton
flavour transitions in terms of local opera-
tors Oi(x), multiplied by Wilson coefficients
Ci(µ), containing the short-distance dynam-
ics above a scale µ ≤ MW . In B-meson de-
cays the theoretical task remains to calculate
hadronic matrix elements 〈X |Oi(x)|B〉µ∼mb ,
with |X〉 an exclusive or inclusive final state.
As the mass of the decaying b-quark is large
compared to the QCD scale, mb ≫ Λ, QCD
dynamics which involves virtualities of the
order m2b (“hard modes”) can still be treated
perturbatively.
In the following, we will concentrate on
B-meson decays where the final state consist
of hadronic systems with large energy but
small invariant mass. Three typical exam-
ples are shown in Fig. 1. In these cases a sec-
ond perturbative scale µhc ∼
√
Λmb ≫ Λ ap-
pears. In inclusive decays, it is related to the
invariant mass of the hadronic jet. In exclu-
sive decays, these (“hard-collinear”) modes
arise from the interaction of soft spectators
in the B-meson and energetic (“collinear”)
degrees of freedom in the final state. The
remaining non-perturbative dynamics is en-
coded in hadronic matrix elements of non-
local operators. For inclusiveB-decays, these
define so-called shape functions (SFs) which
describe the momentum distribution of the b-
quark in the B-meson due to soft gluon inter-
actions. In exclusive decays, light-cone dis-
tribution amplitudes (DAs) for the B-meson
and its decay products appear.
In the effective-theory approach, the fac-
torization theorems can be obtained from a
2-step matching procedure, based on a si-
multaneous expansion in αs and Λ/mb.
1,2,3,4
In the first step, one integrates out hard
modes from QCD to derive a soft-collinear
effective theory (SCETI) where soft and
hard-collinear degrees of freedom interact.
The renormalization group for operators in
SCETI is used to evolve the coefficient func-
tions down to the hard-collinear scale, re-
summing logarithms ln[mb/µhc]. Then, in
inclusive decays, one integrates out the hard-
collinear (jet) modes applying quark-hadron
duality, ending up with the usual heavy-
quark effective theory (HQET). In exclusive
decays, one is left with collinear degrees of
freedom, whose interactions with soft modes
is described by a so-called SCETII.
2. Inclusive Decays (SF region)
Experimental studies of inclusive B decays
often require certain kinematic cuts which
imply sensitivity to the shape-function re-
gion as described above5,6. A prominent ex-
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Fig. 1. Examples for momentum configurations in B-decays: (a) inclusive decay B → Xuℓν in the shape
function region, (b) semi-leptonic decay B → πℓν at large recoil, (c) charm-less non-leptonic decay B → ππ.
ample is B → Xuℓν, where the spectrum
in the variable P+ = EX − |~PX | has to be
restricted to values of P+ < ∆ ≤ M2D/MB
in order to suppress the charm background.
The effective-theory treatment of the partial
rate leads to the factorization theorem,7,8
dΓu
dP+
∝
1∫
0
dy y−aHu(y,mb)U(mb, µhc)
×
P+∫
0
dωˆ J(y(P+ − ωˆ), µhc) Ŝ(ωˆ, µhc) , (1)
valid to leading power in Λ/mb. Here the
hard function Hu(y) can be calculated per-
turbatively in QCD (y = (EX + |PX |)/mb).
The jet function J(u) is calculated in SCETI,
and Ŝ(ωˆ) is the leading shape function in
HQET. The renormalization group functions
U(mb, µhc) and a = a(mb, µhc) resum loga-
rithms between the hard and hard-collinear
factorization scale. An analogous factoriza-
tion theorem holds for photon-energy spectra
in B → Xsγ.
Shape-function effects also have to be
considered in inclusive B → Xsℓ+ℓ− decays
in the region of small invariant lepton-pair
mass. Here the experimental studies require
an additional cut on the hadronic invariant
mass to eliminate combinatorial background
like b → cℓν → sℓℓνν. The description
within SCET has recently been discussed in
Ref. 9.
2.1. Theoretical status
Besides the hard matching coefficients
(known to NLO for b → uℓν and b → sγ),
there has been recent progress in the evalua-
tion of the jet function which is now known to
NNLO accuracy10 for massless quarks. The
two-loop evolution kernel for the leading-
power B-meson shape function has been de-
rived in Ref.11. Sub-leading shape functions,
which enter at order Λ/mb in SCET, have
been classified in Refs.12,13,14,15 for the mass-
less case, and in Ref.16 for the massive case.
2.2. SF-independent relations
From the factorization formulas for B →
Xsγ and B → Xuℓν one can derive a SF-
independent relation between partially inte-
grated spectra,17 (see also Refs.18,19,20)
Γu(∆) ≡
∆∫
0
dP+
dΓu
dP+
=
|Vub|2
∆∫
0
dP+W (∆, P+)
1
Γs
dΓs
dP+
, (2)
where, to leading power in Λ/mb, the weight
function W (∆, P+) is perturbatively calcu-
lable. Choosing ∆ ∼ 650 MeV, and con-
sidering the two experimental spectra, one
can determine the CKM element |Vub| in the
SM with rather good accuracy. The analy-
sis in Ref.17 based on the two-loop result for
W (∆, P+) predicts Γu(0.65 GeV) = (46.5 ±
4.1) |Vub|2 ps−1, where the quoted number
3also includes an estimate of power correc-
tions. Situations with more complicated cuts
have been studied in Ref.21.
Similar relations can be derived from
the B → Xcℓν decay22, if one treats the
charm-quark as a massive quark in SCETI
(assuming the power counting m2c ∼ mbΛ).
Here one considers the spectral variable U =
P+ − m2c/ym2b in the region of phase space
where U ∼ Λ. The comparison of dΓc/dU
and dΓu/dP+ gives an estimate of |Vub/Vcb|.
The one-loop weight function for this case
has been calculated in Ref.23. Power correc-
tions are potentially large. The experimental
analysis of the U -spectrum in B → Xcℓν is
still to be performed.
3. Exclusive Decays (large recoil)
Factorization theorems also exist for exclu-
sive B-meson decays with large energy trans-
fer to the final-state hadrons. For instance,
the amplitudes for charmless non-leptonic
two-body B decays can be written as24
Ai(B →MM ′) = ξM · CIi ⊗ φM ′
+ T IIi ⊗ φB ⊗ φM ⊗ φM ′ , (3)
up to power corrections of order Λ/mb.
Here the distribution amplitudes φB,M,M ′
parameterize the non-perturbative dynamics
of the two-quark Fock state in the respec-
tive hadron. The short-distance coefficient
CIi stems from the perturbative matching be-
tween QCD and SCETI. The spectator term
T IIi further factorizes into a hard function
CIIi and a jet function in SCETI. A pecu-
liarity of exclusive B decays is the appear-
ance of “non-factorizable” input functions,
in the above case the universal form factor
ξM for B → M transitions. In these ob-
jects the soft and collinear degrees of free-
dom in SCETII cannot be completely sep-
arated (at least not with standard pertur-
bative methods). Leading-power factoriza-
tion proofs exist for the somewhat simpler
cases of B → γℓν25,26, B → π(ρ)ℓν27,28,
and B → K∗(ρ)γ29. Applications of QCD
factorization for B → K∗(ρ)ℓ+ℓ− decay ob-
servables can be found in Refs.30,31,32. For
the status of perturbative calculations of the
short-distance coefficient functions33,34,35,36
see Ref.37 in these proceedings.
Factorization theorems have also been
formulated38 for the exclusive semi-leptonic
radiative decay B → πγℓν. In the phase-
space region where the pion is soft and the
photon is energetic, the leading contribu-
tion to the decay amplitude factorizes as
A = H · J ⊗ S(B → π). Here, the soft
function S is the generalized parton distribu-
tion for B → π transitions39. Factorization-
based numerical predictions for photon spec-
tra and angular distributions differ from pop-
ular Monte Carlo models for real-photon cor-
rections to B → πℓν.
3.1. BBNS vs. BPRS approach
The prescription of non-factorizable power
corrections to (3) requires additional hadron-
ic parameters which, at present, cannot be
estimated in a systematic way. An impor-
tant example are strong phases from final-
state rescattering. The factorization for-
mula predicts these phases to be either
perturbative (and calculable) or (formally)
power-suppressed. Different assumptions
about non-factorizable effects thus lead to
different theoretical predictions for exclu-
sive B-decays. Two popular examples are
the “BBNS approach”40 and the “BPRS
approach”41. A qualitative comparison is
given in Table 1. A (controversial) discus-
sion can be found in Refs.42,43.
3.2. Enhanced electroweak
penguins in B → V V
An advantage of the effective-theory frame-
work is the definite power counting assigned
to fields and operators appearing in the ef-
fective Lagrangian. An interesting applica-
tion for B decays to two light vector mesons
4Table 1. Comparison of different phenomenological assumptions in BBNS and BPRS approaches.
BBNS BPRS
charm penguins included in hard functions complex fit parameter ∆P
spectator term perturbative factorization fit to data
ext. hadronic input form factor and LCDAs
(different scenarios)
LCDA for light meson, only
power corrections model-dependent estimate
(complex functions XA and XH)
→ systematic uncertainties
(unspecified)
has recently been pointed out in Ref.44 (see
also Ref.45 for more examples). From the
(V − A) structure of weak interactions one
would naively expect the helicity amplitudes
to scale as A0 : A− : A+ = 1 : Λ/mb :
Λ2/m2b . The inclusion of the electromagnetic
penguin operator Oγ7 via QED corrections to
T Ii is shown to enhance the transverse helic-
ity amplitudes by a factor m2b/m
2
V which can
compensate for the electromagnetic suppres-
sion factor αem. Among others, this implies
a higher sensitivity to (V + A) structures in
certain new-physics models than naively an-
ticipated.
3.3. SCET sum rules
The non-factorizable form factor ξM can be
estimated from sum rules in the effective the-
ory SCETI. Here, one considers a correla-
tion function where the energetic meson in
the final state is replaced by an appropriate
current46 (see also Ref.47). The correlation
function in the Euclidean region does factor-
ize into a hard-collinear short-distance kernel
(known to NLO46) and a soft B-meson DA.
Π(P+) =
∞∫
0
dω T (ω, P+)φ
B
−
(ω) + . . . (4)
Inserting the result into a dispersion rela-
tion, one obtains a sum rule for the form
factor ξM , which depends on the parameters
used to describe the continuum contribution
to the spectral function. The dependence on
the sum-rule parameters and the (at present)
not so well-knownB-meson DA dominate the
theoretical uncertainty.
4. Summary and Outlook
Factorization of short- and long-distance
QCD effects via effective-theory methods in
SCET provides a systematic and well-defined
framework to describe B-decays into ener-
getic hadrons. For inclusive decays precise
theoretical predictions can be obtained on
the basis of NNLO calculations. These can
be used to determine the CKM element |Vub|
and to constrain new-physics contributions
to B → Xsγ and B → Xsℓ+ℓ− (see also
Ref.48 in these proceedings).
Theoretical predictions for exclusive ob-
servables are plagued by non-factorizable
contributions which are difficult to estimate,
in particular concerning the strong rescatter-
ing phases in non-leptonic B-decays. Sum
rules in SCET provide a promising tool to
estimate simple objects, like the soft B → π
form factor ξpi . There are also attempts
to reduce non-factorizable matrix elements
to more fundamental objects in SCETII by
introducing an additional factorization pre-
scription in rapidity space.49 How this proce-
dure can be applied beyond fixed-order per-
turbation theory is still to be worked out.
SCET techniques have also been used
to describe other high-energy observables,
like jet distributions, or DIS and Drell-
Yan near the end point.50,51,52,53,54,55 Fi-
nally, SCET has been combined with non-
relativistic QCD to improve the descrip-
tion of quarkonium production and decay
spectra.56,57
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